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Abstract. The (traditional) labor theory of value, founded by Smith with the basic axiom that
labor determines value, and supplemented and improved by Marx with the axiom that labor
creates surplus-value. Neoclassical economics newly studied the utility theory of value, but it
abandoned the traditional labor theory of value and theory of surplus-value. Under the basic
axiomatic system analogous to theoretical mechanics, the above three theories of value has
been included and developed by the new theory of value, which established the value complex
variable function including three basic quantities of quantity, quality and time, as well as labor-
value, use-value and surplus-value. Starting from the value complex variable function, with
the mathematical methods of Euler equation and Euler formula, this paper conduct a thorough
and comprehensive analysis on the theory of value, under satisfactions of Marx’s first and
second laws, focusing on value equilibrium by giving the mathematical explicit expressions of
both value equilibrium function and price equilibrium function in various forms applicable to
the general commodity economic movement process, so as to prove the existence and stability
of the extremum solutions to the corresponding functions.
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AuHoTanus. TpaguiMoHHasl Teopusl CTOMMOCTHU Tpya, pa3paboranHast Aramom CMUTOM
U MMeIoUas B CBOel OCHOBE aKCMOMY O TOM, UTO TPY[, OTpeesseT CTOMMOCTb, OblIa J10-
TIOJTHEHA U ycoBepiieHcTBOBaHa Kapiom MapKcoM € TTOMOIIBIO aKCMOMBI O TOM, YTO TPYT
co3maeTr MpuOaBOYHYIO CTOMMOCTb. Heoknaccuueckass S5KOHOMMKA 3aHOBO M3yuuja Teo-
PUIO TIpeJleTbHOI TONEe3HOCTY, HO OTBeprajia TPaAUIMOHHYIO TPYAOBYIO TEOPUIO CTOMMO-
CTU U TEOPUIO NMPUOGABOYHOI CTOMMOCTHU. B paMKkax 6a30BOi aKCMOMAaTUUECKOI CUCTEMBI,
QHAJIOTUYHOM TEOPEeTUUYECKOi MeXaHUKe, TPYU BBILIEYIIOMSIHYTbIE TEOPUY CTOMMOCTHU ObLIN
obbenVHeHbl U TIOMYYMUIN JajbHeliliee pa3BUTHE B HOBOI TEOPUM CTOMMOCTU, KOTOpas
ompezensieT, 4To (QYHKIMS KOMILJIEKCHOV TepeMeHHO! CTOMMOCTU BKJIIOYAeT B cebsl Tpu
OCHOBHbIE BeIMYMHBI — KOJIMYECTBO, KAUeCcTBO U BpeMsl — TakK ke, KaK ¥ CTOMMOCTh TPYyJa,
MOTPEOUTETHCKYI0 CTOMMOCTD ¥ ITPUOaBOUHYIO CTOMMOCTb. HaumHast ¢ pyHKIMMY KOMITIEKC-
HOJi TIepeMEeHHO CTOMMOCTHM, C TIOMOIIbI0 MaTeMaTUUECKMX METO0B ypaBHeHUs Ditiepa
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u GopMyJbl Ditiepa MPOBeAEH THIATEIbHbIN ¥ BCECTOPOHHUIT aHAIMU3 TEOPUM CTOVMOCTH,
Mpu COBIIOIEHMM TIEPBOTO M BTOPOTO 3aKOHOB Mapkca, cocpefoTaunBasi BHUMaHe Ha paB-
HOBeCUI CTOMMOCTH, naBasi MaTeMaTMUYeCKIM TOUYHbIE€ BbIpa>kKeHM KaK d)YHKIU/II/I paBHOBeCUA
CTOMMOCTH, TaK U (DYHKIVM PaBHOBECHUSI II€HbI, B PA3JIMUHBIX (OpMax, MPUMEHUMBIX [IJis
00111eTo MpoIecca YKOHOMMYECKOT0 IBVSKEHMSI TOBAPOB, UTOOBI JOKA3aTh CYIleCTBOBAHUE U
YCTOUMBOCTD IKCTPEMATbHBIX PEIIeHNI COOTBETCTBYIOIINX QYHKIINIA.

KmoueBbie cioBa: Hosast Teopus CroumocTtu, [TepBbiit 3akoH Mapkca, Bropoii 3akoH Mapk-
ca, QYHKIMs paBHOBECHUS CTOMMOCTH, YCTOMUMBOCTh SKCTPEMATbHBIX pelIeHMi
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Xigia:

1. Introduction

There has been a long history of the study on
the theory of value. According to Smith [1], labor de-
termines value (hereafter Smith’s law) Marx accep-
ted Smith’s law and added two basic axioms: first,
the value of commodities is determined by the
average labor necessary spent in the social produc-
tion process under the balance of supply and de-
mand (hereafter Marx’s first law). According to Marx,
“The general value-form, which represents all products
of labour as mere congelations of undifferentiated hu-
man labour.” [2]. “The total labour-power of society,
which is embodied in the sum total of the values of all
commodities produced by that society, counts here as
one homogeneous mass of human labour-power, ... S0
far as it has the character of the average labour-power
of society, and takes effect as such; that is, so far as
it requires for producing a commodity, no more time
than is needed on an average, no more than is socially
necessary. The labour-time socially necessary is that
required to produce an article under the normal con-

WINEES, DRES—ERE, SR
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ditions of production, and with the average degree of
skill and intensity prevalent at the time.” [2]. In par-
ticular, the supply and demand will not affect the
value of commodities, because “In reality, supply and
demand never coincide, or, if they do, it is by mere ac-
cident, hence scientifically = 0, and to be regarded as
not having occurred. ... In this way, the market-prices
which have deviated from the market-values adjust
themselves, as viewed from the standpoint of their
average number, to equal the market-values, in that de-
viations from the latter cancel each other as plus and
minus.” [3]; second, “the value created by using living
labor” is greater than “the cost of labor power” (here-
after Marx’s second law)!. According to Jevons [4],
Menger [5] and Walras [6], the value of commodities

! Marx [2] believed that in the production process,
the force of labor would lead to value appreciation: “that
part of capital, represented by labour-power, does, in the
process of production, undergo an alteration of value. It ...
produces an excess, a surplus-value, which ... I therefore call
it the variable part of capital, or, shortly, variable capital”.
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is not determined by the amount of labor spent in
the commodity production process, but by the utili-
ty of commodities in the consumption process for
satisfaction of needs, and the utility of commodities
is a function of diminishing marginal utility. It can
be seen that in the history of economic theory, no
matter how different understandings of commodity
value by different economists, there is one common
purpose to find a universal measure of value for dif-
ferent commodities [7].

In this regard, based on the traditional theory of
value, as well as the hypothesis of Jevons, Tesla and
Foley, right after its establishment, Newtonian me-
chanics has been introduced to explain the economic
phenomena of human society. Early in the 17* cen-
tury, Bacon, Hobbes, Locke and other mechanical
materialists regarded the movement of all things in
the world as or reduced to mechanical movement,
which had gradually formed an entire economic the-
ory since the middle of the 18™ century, that is the
“force of labor” — “force” in physics — determines
the value of commodities and the “labor gravita-
tional force” — “gravity” in physics — determines the
surplus value of capital. Started from Smith, Marx,
followed by Jevons [4] that the utility theory of va-
lue may be regarded as “the mechanics of utility and
self-interest”, and its research method is just as “that
of kinematics or statics”. Later, it was summarized by
Tesla [8]: “the general laws governing movement in the
realm of mechanics are applicable to humanity”. More
clearly, Foley [9] said: “.. the labor theory of value
under the new interpretation plays a role in political
economy analogous to the role played by Newton’s laws
in mechanics. The definition of the monetary expression
of labor time is analogous to the stipulation in Newto-
nian mechanics that force is equal to mass multiplied
by acceleration.”

In recent years, some Chinese and Russian
scholars have further adopted the mathematical par-
adigm of theoretical mechanics for reference to es-
tablish a mathematical model system for economics,
which is called the New Theory of Value [10]. Com-
patible with the traditional theory of value, there are
five? basic axioms:

Axiom 1. The natural wealth obtained without la-

bor has no value.

Axiom 2. The force of labor determines the value of

commodities.

Axiom 3. The force of labor is equivalent with the

reaction force of labor.

2 There are 6 axioms in the New Theory of Value,
where Axioms 2 and 4 can be converted equivalently under
the principle of Dimensional Homogeneity, so that here
they are combined into one.

Axiom 4. There must be labor gravitational force
in the labor process, which creates value
appreciation.

Axiom 5. On the premise that the quality of com-
modities remains unchanged, there is an
upper bound (saturation point or bliss
point) for the demand amount for useful
things.

Starting from the above axiomatic system, the
New Theory of Value further studies various impor-
tant theoretical problems that have existed in the
traditional theory of value for a long time, such as
the universal measure of value under variable labor
productivity, a comprehensive theoretical system
of value including labor theory of value, theory of
surplus-value and utility theory of value, and so on.
With the above research, the new theory of value has
making the following progresses:

- establishing a system of homogenous dimen-
sions of value;

- finding the solution to value transformation
with two compatible axioms of labor determining
value and labor creating surplus-value;

- formulating a value complex variable function
and the existence of its extremum solution;

- constructing the Euclidean metric space and
Riemann metric space of commodity value, and ex-
ploring the universal measure of value under varia-
ble labor productivity and

— discussing the existence of equilibrium solu-
tions to the commodity value function and market
price function.

However, to be a complete scientific theoreti-
cal system, the new theory of value still has a long
way to go with many basic theoretical problems that
have not been studied. In this paper, we will focus
on the existence and stability of extremum solutions
to the value of commodities under homogeneous di-
mensions, which should consider both existence and
stability of analytical solutions to these functions.
Specifically, according to the new theory of value,
the commodity value function can be expressed in
the form of Euler equation, and the capital function
in the form of Euler formula. Obviously, there are the
analytical solutions to such functions. On this basis,
we can further investigate the stability of extremum
solutions to various functions.

There are two main methods for scientific re-
search using mathematical theory: one is systematic
and continuous; the other is local and discrete.

1. The former should highly abstract the prob-
lems studied, so that the theoretical problems
of each branch can adopt different mathemati-
cal methods, and the research results expressed
in different forms of mathematical theory can be
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converted to each other equivalently. It is widely
used in theoretical mechanics, with the advantage of
generality in research results, and the disadvantage
of great difficulty in abstract theoretical research.

2. The latter studies special and local problems,
so that different problems studied separately as
independent ones can be analyzed by different
mathematical theories and methods. Instead, it does
not require all research results to be converted to
each other equivalently, that is, it does generally not
require the general solution to the function.

Obviously, the latter one is relatively simple and
easy, generally requiring more special necessary and
sufficient conditions, and deducing less theoretical
conclusions. Therefore, the latter method usually
lacks of generality.

In this paper, we study the value equilibrium of
commodities by analogy to the research methods of
Euler equation and Euler formula used for Brachis-
tochrone problem and similar theoretical problems
in Newtonian mechanics, which is of great difficulty,
but of generality in results, and helpful to establish
a system of mathematical models based on the theo-
ry of value with homogenized labor value, use value
and surplus value in a brand-new and higher level.
It is worth noting that after the marginal revolution,
neoclassical economics also adopted the mathema-
tical method of Euler formula to study theoretical
problems such as production function, where the
research results of these related theories were sus-
pended in the air, failed to landing on a solid foun-
dation since neoclassical economics had abandoned
the traditional labor theory of value and the theory of
surplus value. In neoclassical economics, it was De-
breu that clarified in-depth study on his celebrated
“Theory of Value” [11], which analyzed the function
of commodity value based on the theory of subjec-
tive utility value and individual preferences. It can
prove the existence and stability of the extremum

5 For example, the force defined by theoretical
mechanics is a quadratic form function, which is converted
into a second-order variable coefficient ordinary differential
equation, or Euler equation for the study of continuous fluid
mechanics problems. Then, Euler equation is converted
into a variational equation to study the trajectory of
a point, i.e. the geodesic - cycloid - in the Brachistochrone
Problem. In addition, it can also be converted into
a complex form, i.e. a natural logarithmic form of Euler’s
formula for the circular motion of particles. It can be seen
that different mathematical methods adopted for specific
problems actually are equivalent conversions from the
same quadratic function of force, and there are also general
solutions to differential equations. Therefore systematic
and continuous methods have the advantages of generality
and generality, but the necessary and sufficient conditions
for solving general solutions to differential equations are
relatively strict, with greater difficulty.

solutions to commodity utility value functions un-
der partial order structures, however mathemat-
ically, such functions based on partial order can
not obtain global maximum solutions. In this case,
neoclassical economics cannot conduct an analysis
on the value of commodities and capital with dif-
ferent material attributes under the principle of di-
mensional homogeneity. Therefore, when studying
the value calculation of heterogeneous commod-
ities, it is inevitable to encounter the Cambridge
Controversies in Capital Theory of measuring and
aggregating heterogeneous capital goods [12]. Ad-
ditionally, in the modern choice theory, Arrow’s im-
possibility theorem [13; 14] was given to prove that
the measure of utility value in Arrow social welfare
function [14] based on individual preference cannot
be converted into that in Bergson-Samuelson social
welfare function [15-17] based on utilitarianism in
welfare economics [18]. Then, it was widely recog-
nized that utility value cannot be measured [19].
Especially after this, modern economics evolved
into a theoretical category with only the theory of
price, but no theory of value.

Specifically, in neoclassical economics, the
application of Euler formula started from Clark’s
research on the distribution of wealth since
1881 [20; 21], where the economic theoretical prob-
lem was whether the total revenue produced ex-
actly equals the payment for all production factors
if each unit of production factor receives compen-
sation based on its marginal productivity. In 1894,
Wicksteed [22] proposed that for production pro-
cesses with constant returns to scale, the answer
is YES. A few years later, Clark [23] gave the same
conclusion as Wicksteed but more complete, which
was the so-called “theory of marginal productive” or
Euler theorem in neoclassical economics. In the fol-
lowing century, Euler theorem in neoclassical eco-
nomics was widely applied, including Cobb-Douglas
production function [24-26]; Tinbergen produc-
tion function in econometrics [27]; The equilibrium
model of the business cycle by rational expectation
school [28]; Dynamic stochastic general equilibrium
(DSGE) model in modern macroeconomics [29; 30],
etc. However, above these are all based on the theory
of price in neoclassical economics, which means that
the return functions of product (or currency) quan-
tity studied have overlooked the theory of value.
Therefore, the mathematical form of Euler theorem
in neoclassical economics is a first-order homogene-
ous function defined on convex function (or concave
function satisfying the minimum of boundary condi-
tions), without discussing the general solution and
special solution of the general Euler equation - sec-
ond-order homogeneous function, nor considering
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the value Euler formula based on the form of com-
plex variable function.

In contrast, this paper examines the Euler equa-
tion based on constant coefficient in quadratic form
and the Euler formula based on the complex variable
function of value, focusing on the mathematical re-
lationship among the quantity, quality, time, force of
labor (labor power) [10], labor value, use value, value,
constant capital, variable capital, surplus value, pro-
fit, rate of surplus value, profit rate and other factors
of commodities. That is to say, in this paper, the value
Euler equation in quadratic form defined in real do-
main has been mapped to a complex plane, so as to
define the corresponding value Euler formula. Here,
the domain of definition of exponential function of
value Euler formula has been extended from real to
complex. Therefore, the value of commodities has
the mathematical forms of complex variable func-
tion, exponential function, logarithmic function and
trigonometric function at the same time, so that it
not only provides a comprehensive explanation for
the theoretical problems related to commodity va-
lue, but also frees strict convexity constraints from
the Euler formula by the new theory of value, making
itself more general. In addition, its hyperbolic nature
of complex variable function can provide a specific
mathematical form of value base manifold for the
differential fiber bundles based on the price — stock
prices and futures indexes - of financial products
constructed by Ilinski [31]. In this case, economics,
based on the traditional theory of value, can fur-
ther investigate prices, capitals, profits and stocks
of commodities on the value tangent space attached
to the value base manifold through continuous and
differentiable value mapping. Finally, for the future
research on the theory of value, modern differen-
tial geometry - related to Hamilton-Tian conjecture
and Partial CO-conjecture [32] — can be introduced
to study various complex economic theoretical prob-
lems, including the measure of value that are varia-
ble with time and inflation rate in the value complex
manifold. In a word, with Euler equation in quadratic
form and Euler formula based on complex variable
function, the theory of value theory has established
a rigorous and solid mathematical foundation, which
enables it to introduce more cutting-edge mathema-
tical tools for exploring its way forward in the future.

2. Analysis on value equilibrium of commodities

Concerning the value equilibrium of commodi-
ties, we use the research methods of Euler equation
and Euler formula as follows: 1) to study a case typi-
cal and sufficient, with help to make the research
results clear and easy for readers understanding
the economic meanings of theoretical problems;

2) to obtain the general solution to the value Eu-
ler equation based on the dimensional analysis
of heterogeneous commodities and capital goods
under the principle of dimensional homogeneity;
3) to analyze the existence of the extremum solu-
tion to the value equilibrium function and the sta-
bility of the function when disturbed in the domain
of definition.

2.1. Value Euler equation in simple circulation

When studying some physical problems, such as
conduction of heat, vibration of circular membrane,
propagation of electromagnetic waves, the equation

d*x  dx
a 1 +bdt +cx =f(x)

has been widely used, which is a second-order li-
near differential equation with variable coefficients,
where the coefficient of the second derivative dt? is
a quadratic function ax?, the coefficient of the first
derivative dt is a quadratic function bx, and the
coefficients a, b, ¢ of x are constants. Such Euler
equation can be transformed into homogeneous li-
near differential equation with constant coefficients
through variable substitution, so the general solu-
tion to Euler equation can be obtained by solving
characteristic equation, and then the characteristic
solution by substituting the variables into the origi-
nal Euler equation.

Then, we can use Euler equation to analyze the
value function of a simple circulation of commodi-
ties as below:

d*b db
mbW+SbE+kbb=fb(t) (2.1.1a)
and
d*m dm
bm dtZ +SME+kmm:fm(t)1 (2.1.1b)

where m is the quality of commodities, b is the
quantity of commodities, m,, b,,, e,, e,,, k, and k,, are
second-order, first-order and zero-order variable
coefficients of Euler equation of commodity value
respectively, f,(f) and f, (t) are the value Euler equa-
tions related to quantity and quality respectively.

Consider (2.1.1a) and (2.1.1b) together to inves-
tigate their general solutions, that is, (2.1.1a) and
(2.1.1b) are the production and consumption pro-
cesses of the same commodity, where the former is
to create the labor value, and the latter is to realize
the use value.

First, to solve the characteristic equa-
tion of (2.1.1a) by substituting variable b = e™,
then (b* + s,b + ky)e™ = 0. Since e™ = 0, there is
b*+s,b + k) = 0, the characteristic root is
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—S,\[S) —4k 0
——=0,
where are three solutions: 1) real root m, # m,,
with two linear independent characteristic solu-
tions b, = e™* and b, = e™', and general solution
b=C,,em + C,,e™*; 2) real root m, = m,, with charac-
teristic solution b, = e™* = b, = e™!, and general solu-
tion b = (C,; + C,t)e™t; 3) a pair of conjugate com-
plex roots m, ,, m; = o, + i, and m, = o, — if,, from
Euler formula e* = (cost + isint) and the theorem
when t = &, e* + 1 = 0, then we have characteris-
tic solutions b, = e»'cosP,t and b, = e»'sinf,t, and
general solution b = e*(C,,cosp,t + C;,sinp,t).
Second, to solve the characteristic equa-
tion of (2.1.1b) by substituting variable m = e,
then (m? + s,,m + k,)e’* = 0. Since e’ = 0, there is
m? +s,m+k,, =0, the characteristic root is

=S, /S5 — 4k
bl,Z :f = 0,

where are three solutions: 1) real root b, # b,,
with two linear independent characteristic solu-
tions m; = en* and m, = €', and general solution
m = C,.ett + C,,e™; 2) real root b, = b,, with cha-
racteristic solution m; = e™, and general solu-
tion m = (C,; + C,,t)eb’; 3) a pair of conjugate com-
plex roots b, ,, b, = o, + iB,, and b, = a,,, — if,,, from
Euler formula e* = (cost + isint) and the theorem
when t = &, e + 1 = 0, then we have characteristic
solutions m, = e*cosp,t and m, = e*'sinf,t, and
general solution m = e*(C,,cosp,,t + C,,sinp,t).

Definition 2.1. For any commodity in a sim-
ple circulation, if the value per unit quality (2.1b) is
equivalent to that per unit quantity, then the com-
modity has a value Euler equation with quality and
quantity equivalence.

Theorem 2.1. If (2.1.1a) and (2.1.1b) of the
same commodity satisfy b = e™ and m = e* respec-
tively, then (2.1.1a) and (2.1.1b) are the value Euler
equations with equivalent quality and quantity*.

Proof: From the general solutions to (2.1.1a)
and (2.1.1b), if (2.1.1a) and (2.1.1b) are the same
commodity and satisfy b = e™ = t = e™ and

m,=

4 In neoclassical economics based on the law of
diminishing marginal utility, the economic Euler theorem
refers to that if there are perfect competition in both
product market and factor market, and constant returns
of scale of producers, then under the condition of market
equilibrium, the total amount of actual returns obtained
by all production factors is exactly equal to the total social
products. This is Clark's marginal productivity theory of
distribution [23]. The economic Euler formula defined by
Clark and the standard value formula defined in this paper
both study the same economic problems, however based on
different axioms and drawing different conclusions.

m = e = t = e’ respectively, then the variable sub-
stitutions to Euler equations of quality (2.1.1a)
and quantity (2.1.1b) are equivalent, that is b = e™,
m = e, only when b = m. Also, the characteristic and
general solutions to (2.1.1a) and (2.1.1b), as well as
the constant terms, are all equivalent.

Economic meaning: This theorem shows that
in a simple circulation, if the production and con-
sumption process of the same commodity satisfy the
requirements of Definition 2.1, then the commodity
is a value Euler equation with equivalent quality and
quantity®. In this case, the value of this commodity
can be expressed through a unified value Euler equa-
tion, which generally indicates that, for the same
commodity:

- in the production process, it takes the equiva-
lent force of labor to produce one more unit of quan-
tity as it does to improve one more unit of quality;

—in the consumption process, it gains the
equivalent compensation for the force of labor by
consuming one more unit of quantity or one higher
unit of quality;

In other words, for any individual producer, the
force of labor spent (labor value created) to produce
one ton of white flour that meets the secondary na-
tional standard is equivalent to the force of labor
compensated (use value realized) through consum-
ing one ton of white flour that meets the secondary
national standard.

2.2. Commodity value Euler equation
in simple reproduction
Suppose that the production and consumption
process of all commodities in a society is regarded
as a process of production and consumption of total
social products, if it is in a simple circulation with
constant total value, then it is a simple circulation of
economic movement. In particular, if it satisfies both

5 In Capital, Marx divided labor into concrete labor
(that creates use value) and abstract labor (that creates
exchange value), and the exchange value of commodities
depends on abstract labor, which is considered to be “the
pivot on which a clear comprehension of Political Economy
turns” [2]. Also, the measure of value of abstract labor is the
“amount of labour-time ... on an average socially necessary”
spent on products [2], which will be valid only when supply
and demand are balanced, otherwise the market value
will deviate from its value [3]. Boldly, with qualitative
analysis, Marx concluded that the amount of labor-time
is the universal measure of value of commodities. Here,
we reproduce the process of labor time being a measure
of value through rigorous mathematical derivation in
Theorem 2.1, and prove that abstract labor time can
indeed serve as the ultimate universal measure of value.
However, such a measure of value is required to satisfy the
strict conditions of Definition 2.1, otherwise there will be
uncertainty for abstract labor time as the measure of value.
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Marx’s first and second laws, and generates both
value and surplus-value, then it is a simple repro-
duction®, which will be discussed in this section.
According to Theorem 2.1, the quality and quan-
tity value Euler equations of a commodity are equi-
valent if they meet the conditions of Definition 2.1,
let the equivalent commodity value Euler equation
be the value Euler equation of a single quality-quan-
tity dimension, denoted as
d’B dB
b dt? e
Additionally, the value Euler equation of com-
modity includes two departments: means of sub-
sistence (hereafter department I) and means of
production (hereafter department II), denoted as:

M +L,B =0. 2.2.1)

I:M, 1 + bE+LbB* =0, (2.2.1a)
_dB - dB - .
II:M, 1 +KbE+LbB =0, (2.2.1b)
where
LB o dB
bdtt’ Tt dt

and L,B" are the surplus-value, variable capital and
constant capital of department I,
_ d*B _ dB
M2 K
bar’’ Tt dt

and L B’ are the surplus-value, variable capital and
constant capital of department II.

Theorem 2.2. (1) (2.2.1a) and (2.2.1b) should
satisfy:

)

_ @B . dB - -

M, e +KbE:LbB R
or

- d*B _ dB - .

Mbﬁ_{—KbE:LbB .

(2) (2.2.1a) and (2.2.1b) constitute a simple re-
production process.

Proof: 1. According to Marx’s definition of sim-
ple reproduction, it is easy to prove that (2.2.1a) and
(2.2.1Db) satisfy

¢ According to Marx [3], the simple reproduction is an
economic circulation of conservation of value, where the
circulation of capital not only brings surplus value, but also
maintains the conservation of value. Therefore, let ¢ be
constant capital, v be variable capital, m be surplus-value,
department I be industries for production of means of
production, and department II be industries for production
of articles of consumption, the formula for conservation
of value in a simple reproduction among the social
reproductions is: I(c + v+ m) = I(c) + II(c) = I(v + m) = II(¢).

-
M, ‘; tf +12bd_t+Lb1§* LB +LB
and
_dB - dB - -,
M, e +Kb—t+LbB =
2D 2D D
:Mbd—?+Kbd—B+]\7Ibd—]j+ Vbd—B.
dt dt dt dt

2. From Theorem 2.1 that (2.1.1a) and (2.1.1b)
are the value Euler equations with equivalent quality
and quantity, that is, the labor value produced in any
economic circulation is equivalent to the use value
consumed. Therefore, this repeated economic circu-
lation is also a process of conservation of value.

Economic meaning: In the simple reproduc-
tion composed of production and consumption pro-
cess, the value created in the production process of
department I is labor value, and that created in the
consumption process of department II is use value.
Therefore, during the economic circulation, labor
value and use value are the production and con-
sumption repeated and developed in the movement
of conservation of value.

2.3. Euler formula for capital motion
in simple reproduction

If the value of the total social product in a sim-
ple reproduction process satisfies Definition (2.1),
which is an Euler equation of equivalent commodity
value, and its basic quantities — time, quantity, and
quality — are all one unit quantity with homogene-
ous value dimension’, then we will take the value
movement process of this commodity as a standard
Euler formula for capital motion (hereafter standard
capital formula. Here, we use a method similar to
Sraffa’s definition for the standard measure of value,
and prove the existence of the universal measure of
value — “standard commodity”. However, this “stan-
dard commodity” still needs to satisfy many strict
mathematical conditions. That is to say, in order to
solve the difficult problem of the universal measure
of value under variable labor productivity proposed
by Ricardo, in his book “Commodity Production
by Means of Commodities” [33], Sraffa construc-
ted a special standard commodity, which satisfies
a certain rate of surplus-value and has a fixed and
unchanging physical form in the process of capital
motion, including labor commodity, means of sub-
sistence commodity, and means of production com-
modity, and regards this “standard commodity” as
the universal measure of value, unique, general and

" In other words, the quantity and quality of products
have the homogeneous value dimension analogous to the
property of “isotropy” in physics.
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constant. Here, the research thinking and direction
of Ricardo and Sraffa’s attempt to find the univer-
sal measure of value are both correct, yet neither of
them introduced Riemannian geometry. Mathemati-
cally, there exists a universal measure of value - the
Riemann metric — under variable labor producti-
vity [34]. For Ricardo, unfortunately his life ended
before the establishment of Riemannian geometry
in 1854. However, when Sraffa studied the measure
of value, he still turned to a simple and rough way
by constructing “standard commodity” in physical
form, which is not that satisfactory.

Therefore, we need to examine the existence
and stability of the extremum points of the capital
Euler formula.

Analogous to physics, a standard capital for-
mula can be seen as the disk motion formed by the
trajectory of a ball rotating around its center. To be
specific, assuming that in a special environment
where the mass of any object remains constant,
there is a ball with a mass of m rotating on the disk,
connected by a rope of a length r with one end fixed
at the center of the disk (also the center of rota-
tion). Assuming there is no friction, the rotation of
the ball is due to the pull of the rope. To the obser-
ver who rotates with the disk, the ball is stationary
subjected to both the tensile force of the rope and
the centrifugal force, which are equivalent in mag-
nitude and opposite in direction, and the resultant
force is zero according to Newton’s law. Therefore,
the value Euler equation of single quality-quantity
dimension that satisfies (2.2.1) can be regarded as
an equation that satisfies Newton’s second law:

(2.3.1)

where f is the centrifugal force, a is the centripetal
acceleration, i.e. a = ®?/r = 4n’r/T?, m is the con-
stant of commodity quality, o is the angular velocity
of the circular motion, r is the radius of the circular
motion, T is the period of the circular motion, and =
is the ratio of circumference. Here, the radius of the
circular motion of commodity value in a standard
capital formula is 1, indicating the period (a cycle),
mass (quality), quantity, and value are all one unit in
commodity value motion.

Note that if you calculate the logarithm of a com-
plex number, i.e. the logarithm of z = r(cos6 + sin®),
it is specified that 0 is the principal argument angle
of z. Then, let the value complex number w = b + im,
which maps w to z through an exponential func-
tion z = e¥, that is, the w-th power of z = e. Since
r(cos0 + sin0) = e’(cos 0 + sin0), from the definition of
complex equality, r = e, 0 = 2kn, k € Z, there is b = Inr,
m =0+ 2kn, i.e. w = Inr + i(0 + ikn) = Inr + i0 + 2kmi.
From this, take w = Inz as a logarithmic function,

f =ma=mo’r =mv*[r = m4r*r/T?,

which is multi-valued in complex numbers, with one
independent variable versus multiple dependent
variables, and countless branches. Specifically, when
k=0, w = Inr + i0 is referred to as the principal va-
lue branch of the logarithmic function, written as
w = Inz, that is, the real part of value w is the natural
logarithm of z, and the imaginary part is the princi-
pal argument angle 0 of z, where r = 0.

To sum up, we can use a complex plane to de-
scribe the uniform circular motion of commodity
value with a radius of r and an angular velocity of
®, where the velocity is t. Let the independent varia-
ble be acceleration a, and the dependent variable be
angular velocity o. The commodity value function is
f(a) = re*®, where

_do
dt’
velocity v = ro, and angular acceleration
do d*0
a=—=—-.
at de*

Therefore, f'(a) = iwre®® is the linear velocity,
which is the position vector from the origin to t,
and the imaginary number i is rotated 90 degrees
counterclockwise. f"(a) = -w%e® is the angular
acceleration. Then, substituting (2-6) obtains
that f"(a) = —w’re™® = —w’rm = —w’r4n?/T?, where
e"® = m = 472/ T* Therefore, the centrifugal force
plus the centripetal force equals zero, that is,
f=ma=mw’r=mv?/r=min?/T>.

According to the new theory of value, the value
of commodities is a complex variable function, with
the real part being the labor value function and the
imaginary part being the use value function, both
of which are determined by the acceleration of the
quantity or quality — force of labor in the production
or consumption process. Therefore, assuming that
the simple economic circulation is a simple repro-
duction that satisfies (2.3.1) with the variable capi-
tal V =1 and the ratio of variable capital and con-
stant capital as constantly 1:3.14 = n, where the
constant capital is C = 3.14, total advanced capital is
@ = 1 + 3.14 = 4.14, the rate of surplus-value of each
capital circulation is 100%, i.e. « = M/C = 100%. That
is to say, the surplus-value M = 1 and the average
rate of profit w = M/(C + V) = 1/4.14 = 24% will be
obtained in one circulation of capital per unit time.
Then, with unlimited times of capital circulations re-
peated per unit time using the same advanced capi-
tal, the average rate of profit ultimately obtained is
a stable constant. In this case, it is appropriate for
us to take Euler formula as standard capital formula,
mathematically, a complex variable function in the

form of e* = cosx + isinx, where e is the base of na-
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tural logarithm, i is the imaginary unit, and x is ar-
bitrary real number, as the independent variable of
natural logarithm.

Therefore, we can transform the standard capi-
tal formula into a complex variable function of com-
modity value e’ = cosf + isinf. Specifically, if there is
a value mapping

1
wW=—

f
for each time t in interval a < t < b, it can be seen as
a composite mapping of labor value and use value:

1 —
f :?1’ w= ﬂ}
where fis the labor value, and f is the use value. Let
f, fi,.w be points on the same complex plane, then
w=f is a symmetric mapping about the real axis,
that is,

f, =

‘H|| —

maps f to f;, and its argument is the same as f:
Argf,=-Argf = Arg f
and the module

(2.3.2)

o1 1
AN

satisfies |f||f| = 1. Let a circle with a center as the or-
igin and a radius of 1 be the unit circle, then (2.3.2) is
called the symmetric mapping about the unit circle,
and f and f; are the mutual symmetric points about
the unit circle, shown as below:

fi

A=

imA

Sv

Fig. 1

Where b is the quantity and a real number, m is
the quality, and i is the imaginary number®. Further,
value mapping

8 Here, according to Theorem 2.1, the quality and
quantity of products have attained the universal measure
of value under the principle of dimensional homogeneity.
Therefore, the quantitative coefficients f,,, f,, and qualitative
coefficients f,,, f,,, in (2.3.3) are assumed to be constants
by people's daily experience in specific situations.

1
w==—

f

maps any point outside the origin to another point,
that is

W=w,_+iw_
W+ = u(flb + flm); iW— = iv(be + me);
d*b d*m
flb :mlezl; flm :blm Tzl; (2.3.3)
. . dh, . . d’m
lfzza :lmzdezz; lf2m :lbzdezz’

where u(f;, + fi,,) and iv(fy, + f,,) are respectively
the real and imaginary parts of the value composite
mapping, f;, and f,,, correspond to f, f,, and f,,
correspond to f , respectively in Fig. 1.

Note that according to the research method of
statics, if force of labor is viewed as a uniform ac-
celeration process, the displacement distance of
commodity particles in the commodity vector space
represented by the dynamic equations u(f;, + fi,,)
and iv(f,, + f,,,) of value - changes in the quantity or
quality level of the product — can be expressed by the
parallelogram rule. In other words, the amount of
force of labor is equal to the modulus of commodity
value [35], i.e., the labor value of quantity and quali-
ty of commodities is expressed as

fi,=va. +b} and f, =.\a’ +b:,

and the use value as

f,, =+Ja; +b} and f, =.a’+b’

respectively.

Obviously, in polar coordinates, the complex
variable functions of labor value and use value in
(2.3.3) in the form of statics can be expressed re-
spectively as (r;, 6,) and (r,, 6,) by module length
and argument. For the complex variable functions
of labor value u(b,, im,), there are

b
In|=bf +m] and 6, =arctan[—l}
ml
And for the complex variable functions of use value
v(m,, ib,), there are

|| =/b; +m; and o, :arctan[:;—zj.
2

Here, the multiplication of complex varia-

ble functions is expressed as the addition of argu-
ments and the multiplication of module lengths,
and the logarithmic operations of (r;, 6,) and
(ry, 0,) are expressed as In(r,, 8,) = In(ry, i0,) and
In(r,, 6,) = In(r,, i6,). Therefore, the multiplication
of complex variable functions of labor value and use
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value indicates that the value complex variable func-
tion runs one circulation, as well as the magnitude of
the rate of changes in value - surplus-value or pro-
fit — and the corresponding amount of surplus-value
or profit amount. Then, the process of capital circu-
lation can be expressed as Euler formula:

e =cos0+isino,
where

n—oo n

1im[1+lj =e=2.718281828459....

That is to say, the base e of natural logarithm is
given by an important limit. e is an infinite non re-
curring decimal number and a transcendental num-
ber. Therefore, we can define when n approaches in-
finity, it is assumed that the value of commodities
created in a simple reproduction is a standard unit
of value, and in each economic circulation, there is
surplus-value generated by the acting force of im-
proving skill and dexterity of workmen - the labor
gravitational force. Therefore, it is worthy to discuss
whether there is a maximum value for the increase
of wealth value with the increasing times of circula-
tions of standard capital per unit time, and whether
the maximum value is stable.

Lemma. If a complex variable function fis holo-
morphic and harmonic, then f satisfies the following
theorems:

— Pontryagin’s Maximum Principle: If K is a com-
pact subset of U, then the function induced by f on K can
only reach its maximum and minimum values on the
boundary. If U is connected, then this theorem means
that f cannot reach its maximum or minimum unless it
is a constant function.

— Intermediate Value Theorem: Let B(b,m) be
a ball completely in U with b as the center and r as the
radius, then the average value of the harmonic function
f(b) obtained on the boundary of the ball is equivalent
with the average value of f(b) obtained inside the ball.

— Liouville Theorem: If f has defined harmonic
functions in the whole real domain R with a maximum
or minimum value, then f is a constant function.

Theorem 2.3. (1) If the value complex va-
riable function f(w) = u(b, m) + v(b, m)i of standard
capital expressed as (2.3.3) satisfies the conditions
of Cauchy-Riemann Equations and is harmonic,
then it must have an extremum solution, that is,
(2.3.3) satisfies the simple reproduction condition
of (2.3.1); (2) The maximum rate of surplus-value
in (2.3.3) is stable that, within any unit time, ensu-
ring that each circulation of a simple reproduction
can obtain the equivalent rate of surplus-value,
and, with unlimited times of capital circulations
repeated, the final maximum value of standard

capital obtained is a constant in the form of natural
logarithm, i.e.
b i 13 .« . ~
e = }}E.} r(cos®+isin0) ~ w. (2.3.4)
Proof: (1) Existence
First, the Cauchy-Riemann equations of u(b, m)
on a pair of real valued functions u(b, m) and v(b, m)

include:
ou _ov d ou  ov

—=— and —=-——,
ob om om  ob

which is a necessary condition for a function to be
differentiable at a point.

Since the value function w = w(f) = u(b, m) +
+ v(b, m)i is defined in region D, the necessary and
sufficient conditions for its resolution in D are:

—u(b, m) and v(b, m)i are differentiable every-
where within D;

—u(b, m) and v(b, m)i satisfy first-order partial
differential equations

ou ov ou ov

—=— and —=—-—-,

ob om om  ob
everywhere within D.

This is a first-order homogeneous equation,
which indicates that in a simple reproduction, the
labor productivity in the production process to in-
crease quantity and that to improve quality are mu-
tually offset.

Second, the condition for harmonic equation

o'f  Of

—+ =0

ob*  om’
is a second-order homogeneous equation, which
indicates that in a simple reproduction, the sum of
the value generated by the acceleration of increa-
sing quantity and that of improving quality is equal
to zero, and the result of interaction between labor
value and use value created in a circulation of simple
reproduction is equal to zero.

Therefore, if the value complex variable func-
tion is Cauchy-Riemann equations, i.e. holomorphic,
also harmonic, then according to the above Lemma,
there must be the extremum solution to the value
complex variable function. This means that the va-
lue complex variable function must satisfy the con-
ditions of simple reproduction, that is, the labor
value of product produced in the production process
is just equivalent with the use value of product con-
sumed in the consumption process.

(2) Stability

Based on the discussions in (2.3.1), (2.3.3)
and (2.3.4) above, it is assumed that the value cir-
culation affected by external factors is a standard
capital formula, with the total advanced capital
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consisting of constant capital and variable capital.
Also, let variable capital be 1, constant capital be
3.14, total advanced capital be 4.14, and the rate
of surplus-value generated by capital motion be
100 %, the value circulation can be expressed as
a value Euler formula:

w=e" =r(cosf +isinf),

where the force of labor fis an independent variable,
the value w is a dependent variable, and the variable
capital r is a constant coefficient.

Therefore, the inverse function of natural loga-
rithms satisfies a very important property:

f 1 _
8(f)= e I anf) =f,
dw

f’=g'(f):§—f:f’ 8O=1,
w

that is, the derivative of this function is itself, and
when f = 0, w = 1, written as exp(f). Therefore,
exp(f) = ¢/, (¢/)" = exp(f).

At the same time, during the motion of force of
labor, due to the labor gravitational force, the varia-
ble capital with a rate of surplus-value of 100% will
generate a factorial that:

fS
£+£T+3'
where one circulation of capital is one order, then
the repeated circulations of capital generate sur-
plus-values in a compound interest calculation
method: before a circulation, variable capital is
principal, i.e. 0! = 1; then it’s snowballing inte-
rests on each circulation, so 1! =2, 2! =4, 3! =8...,
so that we can use Euler formula with the argu-
ment 0 as the independent variable to express the
standard capital formula. Here, from Kurtz formula
i0 = In(cos(0) + isin(0)), in particular, if 6 = x, there is
the Euler identity:

exp(f)=1+

e™ =cosn+isinm=-1,

e™+1=0.

Here, the most important constants in math-
ematics are linked together: two transcendental
numbers: the base e of natural logarithm and the
pi; two units: the imaginary number unit i2 = -1 and
the natural number unit 1, as well as the common
mathematical unit 0. When 0 = &, e® = —1 means the
use value of one unit, e’ = 1 means the labor value of
one unit, and e® + 1 = 0 means that the use value of
commodities has been realized in the consumption
process, or the labor value of force of labor has been
expended in the production process.

Therefore, when r = 1 means the force of labor
of constant capital in a simple reproduction process,
we can define the capital Euler formula as:

e"” =r(cosf+isino).

To be specific, from (2.3.3), there is a complex
variable function among the value and force of la-
bor of commodities, and the quantity and quality of
products. If w = b + im, then there is

f w

f
lim[1+£j =lim [1+Kj =
f—o0 f f—o0 f

= 1im(1+K =e".
f

W—0

Also, from

f—oo

N . f
:lim[1+¥j :eb”’”:lim(LfleEj ,

f—o foo f

f
1im(1+¥] —e" = eltim =

let

f
[f;bﬂfj =r(cos0+sin0),

according to the definitions of modulus and radian,
and the de Moivre’s formula, it can be obtained that

(22T

m
0 = f arctan (mj

Further, from

2
limlnrzlimfln 1+%+b +m =
foo f~>oc2 f fz

2 2
=lim£[%+b ;m j=b:>lfimr=eb,

m —
f+b)

bm m
f+b

and

lim6 =1im f arctan(
fow fow

=lim mf =limm-
foo f+b foo

there is
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f
eb*i’”zlim[f+b+iﬂJ =
foel f f

= }jm r(cos0+sin@) = e’ (cosm+isinm).
—o0

(2.3.5)

If m = 0, that is, all commodities express their
value only by quantity, and the quality of commo-
dities is expressed as a constant coefficient, then
there is

e’ =cosm+isinm,

e” =cos0+isin®.
From the definition of complex equality, there is

e =cosf —isinf,

e =cosf +isinf.
If f= =, there is Euler identity
eni — 1’

e"-1=0.

Therefore, with the cyclical changes of f or
0, the Euler formula for capital value is a mathe-
matical graph that rotates around the origin with
the definition domain reciprocating in [-1,1]. This
property of the generalized capital Euler formula
is very appropriate to illustrate the nature of the
standard capital formula.

In summary, the simple reproduction process
of commodities is a circular motion, the produc-
tion price function of capital satisfies the basic re-
lationship of trigonometric functions, which can be
solved by Euler’s formula. Let variable capital V = f,
then force of labor fas modulus r equals to 1, that is,
f=r=1.From the definition of standard capital, con-
stant capital is 3.14, total advanced capital is 4.14,
the rate of surplus-value of variable capital be 100%,
and the amount of surplus-value is 1, then defined
by simple reproduction above, if the capital circula-
tion repeats unlimited times per unit time, then from
(2.3.5), the extremum solution of the surplus-value
is convergent, i.e. when m = 0, it is

e’ =(cos@+isin®),
where the times of capital circulations are integer
greater than 1, variable capital is 1, and the rate
of surplus-value is 100%, then the total return on
capital is

n—o0 n

lim(1+lj =e=2.718281828459...,

given the average rate of profit of capital = to-
tal surplus-value / total social capital, denoted as
w=06/M,i.e.

S Gt}
M M

If there are unlimited circulations of capital in-
vested within a unit time of one year, and the rate
of surplus-value of each circulation is 100%, the
maximum of the average rate of profit of standard
capital is:

w8 L @TIED o
M 414-%
which is a stable constant.

Economic meaning: It is known that the value
of commodities created by capital in a simple repro-
duction process is a constant, and in each economic
circulation there is surplus-value generated under
the labor gravitational force. Then, with unlimited
times of economic circulations of standard capital
repeated per unit time, according to Euler formu-
la, there must be a stable maximum value for the
value appreciation of wealth. To put it plainly, man-
kind are intelligent to improve the skill and dexterity
themselves, so that in every repeated simple repro-
duction, rational people will correct wrong beha-
viors to stabilize the movement of economic system.
Therefore, it must be a stable system as long as the
social production is a repeating process of simple re-
productions that remain unchanged for a long time.
In particular, the maximum of this stable system
satisfies the conclusion of Euler formula that it is
a natural number in the form of an irrational number.

3. Conclusion

In summary, through the study on the existence
and stability of extremum solutions for the value
function of commodities that satisfy supply and de-
mand balance by analogy to the research methods
of Euler equation and Euler formula in Newtonian
mechanics, this paper has established not only a sys-
tem of mathematical models that maintains logical
consistency with Marx’s simple reproduction and
Sraffa’s standard commodity, but also a theoretical
foundation for mathematical forms based on the
theory of commodity price. After marginal revolu-
tion, economics has only the theory of price, instead
of the theory of value. This abnormal situation will
be completely changed in the future. Specifically,
the abstract economic laws in value calculation re-
vealed through rigorous mathematical reasoning
in this paper are not a game of pure theoretical de-
duction. On the contrary, these abstract theoretical
conclusions will have extraordinary significance in
guiding the socio-economic practices. For example,
since the Industrial Revolution in the 18th century,
overcapacity and periodic economic crises have been
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persistent nightmares for human society, which have
not been dealt with effectively by both classical eco-
nomics and neoclassical economics. The new theory
of value, with a theorem that labor productivity has
inverse ratio to product quality [35; 36], proposed
that producing more high-quality products during
overcapacity will help to eliminate excess capacity
and re-balance the supply and demand of economic
system at a higher quality level, which has provided
a scientific theoretical basis for the Chinese govern-
ment to implement high-quality macroeconomic
management over the past decade, and has achieved
significant economic benefits. Obviously, if the stra-
tegy of high-quality development can be widely ap-
plied worldwide, modern human society will greatly
reduce international trade frictions caused by trade
deficits and financial debt crises caused by over-

capacity. In other words, the fundamental reason
for the two world wars in the 20" century and the
worldwide trade wars, science and technology wars,
financial wars, mixed wars and Russia-Ukraine con-
flict in recent years is rooted in different countries
scrambling for the world market to consume excess
capacity. If guided by a scientific theory of value and
there is no overcapacity and periodic economic cri-
ses, then the root cause of vicious competition for
the world market and even the risk of the doom of
men by nuclear war will be eliminated. Compared
with any significant research achievements in na-
tural sciences, it is not to be outdone by the contri-
bution and significance of abstract research on the
theory of value in economics for reducing costs of
trials and errors and creating value of wealth in hu-
man social practices.
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